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Abstract
Let (g, θ) be a semisimple involutory Lie algebra and (g, k) the corresponding symmetric pair. Let h be a
fundamental Cartan subalgebra of (g, θ) containing a Cartan subalgebra t of k. The semisimple involutory
Lie algebras (g, θ) with the symmetric subalgebra k noncohomologous to zero in g are completely classified
by showing that k is noncohomologous to zero in g if and only if the Spinν representation of (g, θ) is pri-
mary. Based on this result we then determine the image of the restriction map S(h∗)W(g,h) → S(t∗)W(k,t),
where W(g,h) and W(k, t) are the respective Weyl groups.
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1. Introduction
1.1. Let g be a finite-dimensional reductive complex Lie algebra and k be a reductive Lie
subalgebra of g. Then (g, k) is called a reductive Lie subalgebra pair. Let H(g) and H(k) be the
respective cohomology algebras of g and k. The reductive subalgebra k is called noncohomolo-
gous to zero in g (or simply k is n.c.z. in g) if the canonical map H(g) → H(k) is surjective. Let
H(g/k) be the cohomology algebra of the pair (g, k) defined as usual. For example see Chapter 10
of [2] or Section 2.2 of this paper for the definition of H(g/k). Let H0(g/k) ⊆ H(g/k) be a char-
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is noncohomologous to zero in g then H0(g/k) ∼=C, H(g/k) ∼= ∧P and H(g) ∼= H(g/k)⊗H(k).
So it will be nice if one can classify reductive pairs (g, k) with k noncohomologous to zero in g.
We will solve this problem in the case that k is a symmetric subalgebra in g, that is, k is the fixed
point of some involutory automorphism of g. If θ is an involutory automorphism of g, then the
pair (g, θ) is called an involutory Lie algebra.
Assume that (g, θ) is a semisimple involutory Lie algebra (i.e., g is semisimple). Let k and p
be respectively the 1 and −1 eigenspace of θ . Then g = k⊕ p is called the Cartan decomposition
of (g, θ) and (g, k) is called the symmetric pair of (g, θ). Let
h = t ⊕ a (1.1)
be a fundamental Cartan subalgebra of (g, θ), where t is a Cartan subalgebra of k and a is the
centralizer of t in p. The projection h → t defined by (1.1) induces an inclusion t∗ → h∗, so we
will always regard t∗ as a subspace of h∗. Let Δ(g,h) (respectively Δ(g, t), Δ(k, t)) be the root
system of g with respect to h (respectively of g with respect to t, of k with respect to t). Let W
be the Weyl group of Δ(g,h) acting on h∗. Let W(g, t) and W(k, t) be respectively the Weyl
groups of Δ(g, t) and Δ(k, t) acting on t∗. Then W(k, t) is a subgroup of W(g, t). Let Wθ be the
subgroup of W consisting of elements of W commuting with θ . One knows in [4] that W(g, t)
and Wθ are isomorphic.
Let Spinν : k → End S be the composition of the isotropy representation ν : k → so(p) with
the spin representation Spin : so(p) → End S. The map Spinν is a representation of k on S.
The following theorem is the first main result in this paper and is proved in Theorem 3.1 and
Proposition 3.3.
Theorem 1.1. Let (g, θ) be a semisimple involutory Lie algebra and g = k ⊕ p be the Cartan
decomposition. Let h = t⊕a be a fundamental Cartan subalgebra of g, where t is a Cartan subal-
gebra of k and a is the centralizer of t in p. Let l = dima. Then dimH(g/k) = 2l |W(g, t)/W(k, t)|
and dimH0(g/k) = |W(g, t)/W(k, t)|. In particular, the symmetric subalgebra k is noncohomol-
ogous to zero in g if and only if W(g, t) = W(k, t), if and only if the Spinν representation of
(g, θ) is primary.
Let (g, θ) = (b, I ) ⊕ (g′, θ ′) be the decomposition of (g, θ) into a trivial semisimple involu-
tory Lie algebra (b, I ) and a reduced semisimple involutory Lie algebra (g′, θ ′). Let (g′, θ ′) =⊕n
i=1(gi , θi) be the decomposition of (g′, θ ′) into reduced and irreducible semisimple involutory
Lie algebras. Then the symmetric subalgebra k is noncohomologous to zero in g if and only if the
symmetric subalgebra ki is noncohomologous to zero in gi for all i.
Note that the symmetric pairs of reduced and irreducible semisimple involutory Lie algebras
with primary Spinν representations have been classified in Theorem 4.13 of [3]. So the theorem
means that semisimple involutory Lie algebras (g, θ) with the symmetric subalgebra k n.c.z. in g
are completely classified.
If (g, θ) is a reductive involutory Lie algebra, then (g, θ) = (g0, θ0)⊕ (g˜, θ˜ ) with g0 the center
of g and g˜ = [g,g]. Let k and k˜ be respectively the θ -invariants of g and θ˜ -invariants of g˜. By
Lemma 3.2 one knows that k is n.c.z. in g if and only if k˜ is n.c.z. in g˜. Thus, given a reductive
involutory Lie algebra (g, θ), the symmetric subalgebra k is n.c.z. in g if and only if (g, θ) can
be written as the direct sum of an abelian involutory Lie algebra and a semisimple involutory Lie
algebra (g˜, θ˜ ) with the symmetric subalgebra k˜ n.c.z. in g˜.
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decomposition. Let a˜ be a maximal abelian subspace of p consisting of semisimple elements
and h a Cartan subalgebra of g containing a˜. To determine invariant differential operators on
symmetric spaces, Helgason studied the restriction map of Weyl group invariants from h∗ to a˜∗.
Let W be the Weyl group with respect to the root system Δ(g,h) and W( a˜ ) be the little Weyl
group. Let S(h∗) and S( a˜∗) be respectively the symmetric algebras over h∗ and a˜∗. He showed
in [5] that the restriction maps
Resh/˜a : S(h)W → S( a˜ )W( a˜ )
are surjective for most semisimple involutory Lie algebras. In particular, He showed that these
maps are surjective when g is a classical semisimple Lie algebra. The images of the restriction
maps of the remaining cases were determined by Huang, Oshima and Wallach in [6].
Recall that h = t ⊕ a is a fundamental Cartan subalgebra of (g, θ), that W is the Weyl group
of Δ(g,h), that W(k, t) and W(g, t) are respectively the Weyl groups of Δ(k, t) and Δ(g, t).
To study representations of reductive Lie groups, Vogan made a conjecture on Dirac cohomol-
ogy which was proved by Huang and Pandzic in [7]. The proof of Huang and Pandzic involves
the restriction map
Resh/t : S(h)W → S(t)W(k,t). (1.2)
It turns out that determining the images of these restriction maps is useful for calculating Dirac
cohomology of g-modules and cohomology of symmetric spaces.
Let us give more details. Let S(g∗) and S(k∗) be respectively the symmetric algebras over
g∗ and k∗. Then the adjoint representation of g on g induces the dual representation of g on g∗.
Extending this representation we get the representation of g on S(g∗). Similarly k acts on k∗ and
S(k∗). Regard the elements in S(g∗) and S(k∗) as the polynomials on g and k respectively. The
restriction map S(g∗) → S(k∗), f 
→ f |k is clearly k-equivariant, so it maps S(g∗)g into S(k∗)k.
Thus one has the restriction map of symmetric invariants
ϕ : S(g∗)g → S(k∗)k.
Note that W acts on S(h∗) by extending its action on h∗. Similarly W(g, t) and W(k, t) act on
S(t∗). Since S(g∗)g ∼= S(h∗)W and S(k∗)k ∼= S(t∗)W(k,t), ϕ induces the restriction map of Weyl
group invariants
ϕ˜ : S(h∗)W → S(t∗)W(k,t). (1.3)
Note that if one identifies h with h∗ (respectively identifies t with t∗) by the Killing form,
then (1.3) is just (1.2). Here is the other main result in the paper and is proved in Theorem 4.6.
Theorem 1.2. Let (g, θ) be a semisimple involutory Lie algebra. Then W(g, t) = Wθ and the
image of ϕ˜ is S(t∗)W(g,t) = S(t∗)Wθ .
In the beginning we observed this result from Theorem 2 of Cheng’s paper [1], where the
author calculated the image of ϕ˜ case by case. In this paper, based on Theorem 1.1, we prove this
theorem directly.
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lutory reductive Lie algebras, about reductive Lie subalgebras n.c.z. in a reductive Lie algebra g,
and about the structure of the Spinν representations of semisimple involutory Lie algebras (g, θ).
In Section 3 we completely classify the semisimple involutory Lie algebras (g, θ) with the
symmetric subalgebra k n.c.z. in g by showing that k is n.c.z. in g if and only if the Spinν
representation of (g, θ) is primary. In Section 4 we determine the image of the restriction map
ϕ˜ : S(h∗)W(g,h) → S(t∗)W(k,t), where W(g,h) and W(k, t) are the respective Weyl groups.
As a final remark, although we have assumed that the ground field is C, all our results hold if
the ground field is algebraically closed with characteristic zero.
2. Some preliminaries about involutory reductive Lie algebras and the structure of Spinν
representations
2.1. All the Lie algebras considered in the paper are complex and finite-dimensional.
Let g be a Lie algebra and θ an involutory automorphism of g. Then (g, θ) is called an invo-
lutory Lie algebra. Let k and p be respectively the 1 and −1 eigenspace of θ . Then g = k ⊕ p is
called the Cartan decomposition of (g, θ) and (g, k) is called the corresponding symmetric pair.
The involutory Lie algebra (g, θ) is said to be trivial if θ is the identity on g. If g is reductive
(respectively semisimple, simple, or abelian), then we call (g, θ) a reductive (respectively semi-
simple, simple, or abelian) involutory Lie algebra. A subalgebra k of g is called a symmetric
subalgebra if k is the fixed point of some involutory automorphism of g.
Two involutory Lie algebras (g1, θ1) and (g2, θ2) are said to be isomorphic if there is an
isomorphism α from g1 onto g2 such that θ2α = αθ1. Then two involutory Lie algebras (g, θ1)
and (g, θ2) are isomorphic if there is an isomorphism α ∈ Aut(g) with θ2α = αθ1, where Aut(g)
denotes the group of automorphisms of the Lie algebra g. Given two involutory Lie algebras
(g1, θ1) and (g2, θ2), let g = g1 ⊕ g2 and θ ∈ Aut(g) such that θ |gi = θi for i = 1,2. Then (g, θ)
is called the direct sum of (g1, θ1) and (g2, θ2) and denoted by (g, θ) = (g1, θ1) ⊕ (g2, θ2). For
an involutory Lie algebra (g, θ), if g = g1 ⊕ g2 is the decomposition of g into the direct sum of
two θ -invariant ideals of g, then clearly (g, θ) = (g1, θ1) ⊕ (g2, θ2) where θi = θ |gi for i = 1,2.
If an involutory Lie algebra (g, θ) could be written as the direct sum of (g1, θ1) and (g2, θ2) with
(g1, θ1) a nonzero trivial involutory Lie algebra, then (g, θ) is said to be nonreduced, otherwise
(g, θ) is said to be reduced. If (g, θ) cannot be written as the direct sum of two nonzero involutory
Lie algebras then (g, θ) is called irreducible, otherwise we call (g, θ) reducible.
From now on we will always assume (g, θ) to be a reductive involutory Lie algebra. The
involutory Lie algebras we considered are always nontrivial unless specified.
Proposition 2.1. A reduced semisimple involutory Lie algebra (g, θ) can be written as the di-
rect sum of reduced and irreducible semisimple involutory Lie algebras. Such decomposition is
unique up to the order of its irreducible factors.
Moreover, a reduced and irreducible semisimple involutory Lie algebra is either a simple
involutory Lie algebra, or is isomorphic to (g1 ⊕ g1, θ1) with g1 a simple Lie algebra and
θ1(X,Y ) = (Y,X) for (X,Y ) ∈ g1 ⊕ g1.
Proof. First we decompose g into the direct sum of its simple ideals. Since θ is an involutory
automorphism of g, it acts on the set of simple ideals and it must fix some of them and permute in
2-cycles the rest of them. Each orbit of the action of θ gives an irreducible semisimple involutory
Lie algebra, then the first statement follows.
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ideals has only one orbit. So (g, θ) is either a simple involutory Lie algebra, or g is a direct sum
of two isomorphic simple Lie algebras and θ interchanges them. It is clear that in the latter case
(g, θ) is isomorphic to (g1 ⊕ g1, θ1) with g1 a simple Lie algebra and θ1(X,Y ) = (Y,X) for
(X,Y ) ∈ g1 ⊕ g1. 
Proposition 2.2. Let (g, θ) be a reductive involutory Lie algebra. Then one has (g, θ) =
(g0, θ0) ⊕ (b, I ) ⊕ (g′, θ ′), where g0 is the center of g and θ0 = θ |g0, (b, I ) is a trivial semi-
simple involutory Lie algebra and (g′, θ ′) is a reduced semisimple involutory Lie algebra. This
is the unique decomposition of (g, θ) into the direct sum of an abelian involutory Lie algebra, a
trivial semisimple involutory Lie algebra and a reduced semisimple involutory Lie algebra.
Proof. Let g0 be the center of g and θ0 = θ |g0. Let g˜ = [g,g] and θ˜ = θ |g˜. Since θ must keep
the center g0 of g invariant and the semisimple ideal [g,g] invariant, one has (g, θ) = (g0, θ0) ⊕
(g˜, θ˜ ).
Let g˜ =⊕ni=1 g˜i be the decomposition of g˜ into the direct sum of its simple ideals. Let b
be the direct sum of the θ˜ -invariant simple ideals g˜i on which θ˜ is the identity. Let g′ be the
complementary ideal of b in g˜, which is also θ˜ -invariant. Then (g′, θ ′) is reduced and (g˜, θ˜ ) =
(b, I )⊕ (g′, θ ′), where θ ′ = θ˜ |g′.
Thus (g, θ) = (g0, θ0) ⊕ (b, I ) ⊕ (g′, θ ′) is the unique decomposition of (g, θ) into the di-
rect sum of an abelian involutory Lie algebra, a trivial semisimple involutory Lie algebra and a
reduced semisimple involutory Lie algebra. 
2.2. Let g be a Lie algebra with dimg = n. Let g∗ be its dual space and ∧g∗ be the exterior
algebra over g∗. For 1  i  n, regard ∧ig∗ as the space of i-linear alternating functions on g
and for 1 i < n define the differential operator di : ∧ig∗ → ∧i+1g∗ by
diφ(x0, . . . , xi) =
∑
0j<ki
(−1)j+kφ([xj , xk], . . . , x̂j , . . . , x̂k, . . . , xi).
Let d0 : ∧0g∗ → ∧1g∗ be the zero map. Then di+1 · di = 0. The cohomology algebra H(∧g∗, d)
is called the cohomology algebra of the Lie algebra g and is denoted by H(g).
For any x ∈ g let the operator ιx be the derivation of ∧g∗ of degree −1 such that for 0 i < n,
ιx : ∧i+1g∗ → ∧ig∗ is defined by
(ιxφ)(x1, . . . , xi) = φ(x, x1, . . . , xi).
For any x ∈ g let the operator θx be the derivation of ∧g∗ of degree 0 such that for each i,
θx : ∧ig∗ → ∧ig∗ is defined by
(θxφ)(x1, . . . , xi) = −
i∑
j=1
φ
(
x1, . . . , [x, xj ], . . . , xi
)
.
Moreover θ : g → End(∧g∗) that maps x to θx is a representation of g on ∧g∗. One has that
ιxd + dιx = θx (2.1)
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Let k ⊆ g be a Lie subalgebra and (g, k) is called a Lie algebra pair. Let (∧ig∗)ιk=0, θk=0 ={φ ∈ ∧ig∗ | ιxφ = 0, θxφ = 0, ∀x ∈ k}. Then by (2.1) and (2.2), di maps (∧ig∗)ιk=0, θk=0 into
(∧i+1g∗)ιk=0, θk=0. We denote the cohomology algebra H((∧g∗)ιk=0, θk=0, d) by H(g/k). Then
the inclusion j : (∧ig∗)ιk=0, θk=0 → ∧ig∗ clearly induces a homomorphism of algebras
j	 : H(g/k) → H(g). (2.3)
Let g be a reductive Lie algebra and k be a reductive Lie subalgebra of g. Then (g, k) is called
a reductive Lie algebra pair. The reductive subalgebra k is called noncohomologous to zero in g
(or simply k is n.c.z. in g) if the canonical map H(g) → H(k) is surjective.
Proposition 2.3. (See Theorem 9 in 10.18 of [2].) For a reductive Lie algebra pair (g, k), k is
n.c.z. in g if and only if j	 is injective.
Let Pg be the primitive subspace of (∧g∗)θg=0, which is a graded subspace of (∧g∗)θg=0.
Then there is a canonical identification H(g) ∼= ∧Pg. Under this identification, the graded sub-
space P of Pg given by P = Im j	 ∩ Pg is called the Samelson subspace of (g, k). Samelson
proved that the image of j	 is ∧P . For more details see 10.4 of [2].
Let H0(g/k) be a characteristic factor of H(g/k), which is a graded subalgebra of H(g/k).
Then one has the important isomorphism
H(g/k) ∼= H0(g/k)⊗ ∧P. (2.4)
For the definition of the characteristic factor of H(g/k) and more details of (2.4) see 10.12 of [2].
If k is n.c.z. in g then H0(g/k) ∼= C, H(g/k) ∼= ∧P and H(g) ∼= H(g/k) ⊗ H(k). See 10.18
of [2] for more details.
Lemma 2.4. Let (g1, k1) and (g2, k2) be two reductive Lie algebra pairs. Then k1 ⊕ k2 is n.c.z. in
g1 ⊕ g2 if and only if ki is n.c.z. in gi for i = 1,2.
Proof. Let φi : H(gi ) → H(ki ) be the canonical map for i = 1,2. Since H(g1 ⊕ g2) ∼= H(g1)⊗
H(g2) and H(k1 ⊕ k2) ∼= H(k1) ⊗ H(k2), φ : H(g1 ⊕ g2) → H(k1 ⊕ k2) becomes φ1 ⊗ φ2 :
H(g1)⊗H(g2) → H(k1)⊗H(k2) under such isomorphisms. Then one easily sees that φ1 ⊗ φ2
is surjective if and only if φi is surjective for i = 1,2. 
Proposition 2.5. Let (g, θ) be a semisimple involutory Lie algebra and g = k⊕p the correspond-
ing Cartan decomposition. Then as algebras
H(g/k) ∼= (∧p)k.
Proof. Recall that B is the Killing form on g and its restriction Bp to p is nonsingular. Let
ν : k → so(p) be the isotropy representation and ν∗ : k → so(p∗) be the dual representation. Let
η : p → p∗ be the identification by Bp. Then ν∗ is equivalent to ν by η.
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derivation extension of ν(x) to ∧p. Similarly ν∗ induces a representation β∗ of k on ∧p∗. The
identification η induces a natural isomorphism η˜ : ∧p → ∧p∗ of exterior algebras. Clearly β is
equivalent to β∗ by η˜. Then η˜ maps the k-invariants (∧p)k isomorphically onto the k-invariants
(∧p∗)k. Moreover, η˜ : (∧p)k → (∧p∗)k is an isomorphism of (∧p)k and (∧p∗)k as subalgebras
of ∧p and ∧p∗.
Because (g, k) is a symmetric pair, one has H(g/k) ∼= (∧p∗)k as algebras. So H(g/k) ∼= (∧p)k
as algebras. 
2.3. In this subsection we will give some results whose details can be found in Sections 2
and 3 of [4].
Let (g, θ) be a semisimple involutory Lie algebra. Let g = k⊕ p be the Cartan decomposition
and (g, k) the corresponding symmetric pair. Let t be a Cartan subalgebra of k and a be the
centralizer of t in p, then h = t ⊕ a is called a fundamental Cartan subalgebra of (g, θ). Let
l = dima. Let Δ(g,h) (respectively Δ(k, t)) be the root system of g with respect to h (respectively
of k with respect to t). Let W be the Weyl group of Δ(g,h) acting on h∗.
Since θ(h) = h, θ acts on h∗ naturally by (θσ )(H) = σ(θH), where σ ∈ h∗, H ∈ h. One
easily sees that θ(Δ(g,h)) = Δ(g,h). Identify t∗ and a∗ with the 1 and −1 eigenspace of θ on h∗.
Then h∗ = t∗ ⊕ a∗. Let p : h∗ → t∗ be the corresponding projection. Let Wθ be the subgroup of
W consisting of elements of W commuting with θ . If w ∈ Wθ then w leaves t∗ (respectively a∗)
invariant. So Wθ acts on t∗.
The set Δ(g, t) = p(Δ(g,h)) of roots of g with respect to t is also a (maybe nonreduced) root
system. See Theorem 2.3 of [4]. Clearly Δ(k, t) ⊆ Δ(g, t).
Because h is a fundamental Cartan subalgebra of (g, θ), there is no real root. So there exists
a θ -stable positive root system Δ+(g,h) of Δ(g,h). Let Δ+(g, t) = p(Δ+(g,h)), which is a
positive root systems of Δ(g, t). Let Δ+(k, t) ⊆ Δ+(g, t) be a positive root system of Δ(k, t).
Let Dk ⊇ Dg be respectively the fundamental Weyl chambers relative to Δ+(k, t) and Δ+(g, t),
W(k, t) ⊆ W(g, t) be respectively the Weyl groups of Δ(k, t) and Δ(g, t) acting on t∗. Theo-
rem 2.3 of [4] shows that
Wθ → W(g, t), w 
→ w|t∗ (2.5)
is an isomorphism of Wθ and W(g, t).
Let ρk and ρ be respectively one half the sum of the roots in Δ+(k, t) and Δ+(g,h). Note that
ρk and ρ are in t∗. Let W 1 = {τ ∈ W(g, t) | τ(Dg) ⊆ Dk}. Then |W 1| = |W(g, t)/W(k, t)|.
Let B be the Killing form on g and Bp be its restriction to p. The bilinear form Bp is nonsingu-
lar as k and p are B-orthogonal to each other. Since [k,p] ⊆ p, for any x ∈ k let ν(x) = (ad x)|p,
where ad denotes the adjoint representation of g. Then
ν : k → so(p)
is called the isotropy representation, where so(p) is the orthogonal Lie algebra with respect to Bp.
Let
Spinν : k → End S
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End S. Then as k-modules, one has
S = 2[l/2]
⊕
τ∈W 1
Vτρ−ρk , (2.6)
where [l/2] denotes the integer part of l/2 with l = dima and Vτρ−ρk denotes the irreducible
representation of k with highest weight τρ − ρk. See Proposition 3.2 of [4] for details.
If (g, θ) is a trivial semisimple involutory Lie algebra, then the corresponding Spinν repre-
sentation is to be regarded as the trivial representation of g on S =C, so that (2.6) is still valid.
2.4. Recall that a finite-dimensional representation of k is called primary if it is a direct sum
of equivalent irreducible subrepresentations of k.
Lemma 2.6. The Spinν representation of (g, θ) is primary if and only if W(g, t) = W(k, t).
Proof. From (2.6) one knows that the Spinν representation of (g, θ) is primary if and only if
|W 1| = 1, i.e., W(g, t) = W(k, t). 
All the symmetric pairs of the reduced semisimple involutory Lie algebras with primary Spinν
representations were classified in [3].
Set S0 =⊕τ∈W 1 Vτρ−ρk . Then S0 is a multiplicity-free k-module. As the k-module S is self-
dual, S0 is also self-dual.
Lemma 2.7. As k-modules,
∧p ∼= 2lS0 ⊗ S0.
Proof. It is well known that as k-modules, ∧p ∼= S ⊗ S if dimp is even, ∧p ∼= 2S ⊗ S if dimp is
odd. Then by (2.6) one has S = 2[l/2]S0 so we get the result. 
3. Symmetric subalgebras noncohomologous to zero in a complex semisimple Lie algebra
Now we are ready to prove the first main result.
Theorem 3.1. Let (g, θ) be a semisimple involutory Lie algebra and g = k ⊕ p be the Cartan
decomposition. Let h = t⊕ a be a fundamental Cartan subalgebra of (g, θ). Let l = dima. Then
dimH(g/k) = 2l |W(g, t)/W(k, t)| and dimH0(g/k) = |W(g, t)/W(k, t)|. In particular, k is non-
cohomologous to zero in g if and only if W(g, t) = W(k, t), if and only if the Spinν representation
of (g, θ) is primary.
Proof. One has H(g/k) ∼= (∧p)k by Proposition 2.5, and as k-modules ∧p ∼= 2lS0 ⊗ S0 by
Lemma 2.7. By Schur’s lemma one has
(∧p)k ∼= 2l(S0 ⊗ S0)k
∼= 2l(S∗0 ⊗ S0
)k
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⊕
τi ,τj∈W 1
(
V ∗τiρ−ρk ⊗ Vτjρ−ρk
)k
= 2l
⊕
τ∈W 1
(
V ∗τρ−ρk ⊗ Vτρ−ρk
)k
.
Also by Schur’s lemma (V ∗τρ−ρk ⊗ Vτρ−ρk)k ∼=C. So
dimH(g/k) = dim(∧p)k
= 2l∣∣W 1∣∣
= 2l∣∣W(g, t)/W(k, t)∣∣.
Since H(g/k) = H0(g/k) ⊗ ∧P where P is the Samelson subspace of (g, k) and dimP =
rank(g) − rank(k) = l,
dimH0(g/k) = dimH(g/k)/dim∧P =
∣∣W(g, t)/W(k, t)∣∣.
As j	 :H(g/k) → H(g) has image ∧P , j	 is injective if and only if dimH(g/k) =
dim∧P = 2l , which means that dimH0(g/k) = |W(g, t)/W(k, t)| = 1, i.e., W(g, t) = W(k, t).
By Lemma 2.6, W(g, t) = W(k, t) if and only if the Spinν representation of (g, θ) is primary. 
Lemma 3.2. Let (gi , θi) be reductive involutory Lie algebras for i = 1, . . . , n and (g, θ) be their
direct sum. Let ki be the θi -invariants of gi . Then
⊕n
i=1 ki is n.c.z. in
⊕n
i=1 gi if and only if ki is
n.c.z. in gi for i = 1, . . . , n.
Proof. Because the symmetric pair of a reductive involutory Lie algebra is a reductive Lie al-
gebra pair, the case for n = 2 follows from Lemma 2.4. Then the result holds for arbitrary n by
induction. 
Proposition 3.3. Let (g, θ) be a reductive involutory Lie algebra. Then by Proposition 2.2
(g, θ) = (g0, θ0) ⊕ (b, I ) ⊕ (g′, θ ′), where (g0, θ0) is an abelian involutory Lie algebra, (b, I )
is a trivial semisimple involutory Lie algebra and (g′, θ ′) is a reduced semisimple involutory Lie
algebra. Let (g′, θ ′) =⊕ni=1(gi , θi) be the decomposition of (g′, θ ′) into reduced and irreducible
semisimple involutory Lie algebras. Let k (respectively ki ) be the symmetric subalgebra of g (re-
spectively gi ). Then k is noncohomologous to zero in g if and only if ki is noncohomologous to
zero in gi for all i.
Proof. Because g0 is abelian, the symmetric subalgebra k0 is n.c.z. in g0. For the trivial semi-
simple involutory Lie algebra (b, I ), the symmetric subalgebra b is n.c.z. in b. Then the result
follows from Lemma 3.2. 
Remark 3.4. Note that the symmetric pairs of reduced and irreducible semisimple involutory
Lie algebras have been classified in Theorem 4.13 of [3]. So the proposition means that reductive
involutory Lie algebras (g, θ) with the symmetric subalgebra k noncohomologous to zero in g
are completely classified.
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Let (g, θ) be a semisimple involutory Lie algebra and g = k⊕ p be the Cartan decomposition.
We will always choose
h = t ⊕ a (4.1)
to be a fundamental Cartan subalgebra of (g, θ). The projection h → t defined by (4.1) induces
an inclusion t∗ → h∗, so we will always regard t∗ as a subspace of h∗. Let Δ(g,h) (respectively
Δ(g, t), Δ(k, t)) be the root system of g with respect to h (respectively of g with respect to t, of k
with respect to t). Let W be the Weyl group of Δ(g,h) acting on h∗. Recall that θ acts on h∗
and Wθ is the subgroup of W consisting of elements of W commuting with θ . Let W(g, t) and
W(k, t) be respectively the Weyl groups of Δ(g, t) and Δ(k, t) acting on t∗. Recall (2.5) that
Wθ ∼= W(g, t) and the actions of W(g, t) and Wθ on t∗ are the same.
Let S(g∗) and S(k∗) be respectively the symmetric algebras over g∗ and k∗. Then the adjoint
representation of g on g induces the dual representation of g on g∗. Extending this representation
we get the representation of g on S(g∗). Similarly k acts on k∗ and S(k∗). Regard the elements in
S(g∗) and S(k∗) as the polynomials on g and k respectively. The restriction map S(g∗) → S(k∗),
f 
→ f |k is clearly k-equivariant, so it maps S(g∗)g into S(k∗)k. Thus one has the restriction map
ϕ : S(g∗)g → S(k∗)k.
Note that W acts on S(h∗) by extending its action on h∗. Similarly W(g, t), W(k, t) and Wθ act
on S(t∗), and the actions of W(g, t) and Wθ on S(t∗) are the same. So
S(t∗)Wθ = S(t∗)W(g,t). (4.2)
Since S(g∗)g ∼= S(h∗)W and S(k∗)k ∼= S(t∗)W(k,t), ϕ induces the restriction map
ϕ˜ : S(h∗)W → S(t∗)W(k,t).
Thus one has the following commutative diagram:
S(g∗)g
ϕ
∼=
S(k∗)k
∼=
S(h∗)W
ϕ˜
S(t∗)W(k,t).
We will determine the image of ϕ˜, thus the image of ϕ. We will show that the image of ϕ˜ is
S(t∗)Wθ = S(t∗)W(g,t). The following result is trivial.
Lemma 4.1. Let (g, θ) be a trivial semisimple involutory Lie algebra. Then ϕ and ϕ˜ are surjective
and the image of ϕ˜ equals S(t∗)Wθ .
Proof. One only needs to note that h = t and Wθ = W in this case. 
G. Han / Journal of Algebra 319 (2008) 1809–1821 1819Proposition 4.2. (See Theorem 10 in 10.19 of [2].) For a reductive Lie algebra pair (g, k), k is
noncohomologous to zero in g if and only if the restriction map ϕ : S(g∗)g → S(k∗)k is surjec-
tive.
Proposition 4.3. Let (g, θ) be a simple involutory Lie algebra. Then the image of ϕ˜ is S(t∗)Wθ .
Proof. Let g = k ⊕ p be the Cartan decomposition of (g, θ) and h = t ⊕ a a fundamental Cartan
subalgebra of (g, θ). Let Δ ⊂ h∗ be the set of roots of g with respect to h. The involution θ acts
on h∗ by (θα)(H) = α(θH) for α ∈ h∗, H ∈ h. Clearly θ(Δ) = Δ. Then we get an involutory
root system (Δ, θ). One easily sees that (Δ, θ) is independent of the θ -invariant fundamental
Cartan subalgebra h chosen.
Since h is a fundamental Cartan subalgebra, there exists a positive root system Δ+ of Δ
which is θ -invariant. Let Π be the set of simple roots in Δ+. Then θ(Π) = Π and θ induces an
involution of the Dynkin diagram Γ of Π . So from the involutory root system (Δ, θ) of (g, θ)
we get (Π, θ) and an involutory Dynkin diagram (Γ, θ). The (Γ, θ) is also independent of the
positive root system Δ+ chosen. See Lemma 3.3 of [3]. We call (g, θ) an involutory Lie algebra
corresponding to (Γ, θ).
If θ is the identity on Γ then θ is the identity on h∗ and h. In this case t = h and W = Wθ .
Clearly ϕ˜ is injective and its image is S(t∗)Wθ .
Then assume that θ is not the identity on Γ . As g is simple, Γ must be of type A2n, A2n−1,
Dn or E6 and θ induces the unique nontrivial involution of Γ . So the involutory Dynkin diagram
(Γ, θ) satisfies that Γ is one of the 4 types and θ is the nontrivial involution of Γ .
Given such a (Γ, θ), there exist several simple involutory Lie algebras (g, θ) corresponding
to it. One knows in Proposition 4.7 of [3] that among those (g, θ) there exists a unique (g, θ0)
of which the corresponding Spinν representation is primary. For (A2n, θ), the corresponding
symmetric pair of (g, θ0) is (sl(2n + 1,C), so(2n + 1,C)); for (A2n−1, θ) the corresponding
symmetric pair of (g, θ0) is (sl(2n,C), sp(2n,C)); for (Dn, θ), the corresponding symmet-
ric pair of (g, θ0) is (so(2n + 2,C), so(2n + 1,C)); for (E6, θ), the corresponding symmetric
pair of (g, θ0) is (E6,F4). Since for each of the above symmetric pairs (g, k) the correspond-
ing Spinν representations is primary, k is n.c.z. in g. By Proposition 4.2, the restriction map
ϕ : S(g∗)g → S(k∗)k is surjective, or equivalently, ϕ˜ : S(h∗)W → S(t∗)W(k,t) is surjective. As
the corresponding Spinν representations is primary, one has W(k, t) = W(g, t) ∼= Wθ . Thus the
image of ϕ˜ : S(h∗)W → S(t∗)W(k,t) is S(t∗)W(g,t) = S(t∗)Wθ in these cases.
For i = 0,1, let (g, θi) be a simple involutory Lie algebra such that after we choose a fun-
damental Cartan subalgebra hi = ti ⊕ ai and a positive root system of Δi = Δ(g,hi ) we get
a (Πi, θi) and an involutory Dynkin diagram (Γi, θi) which is isomorphic to the given (Γ, θ),
but the Spinν representation of (g, θ0) is primary as assumed above and the Spinν representa-
tion of (g, θ1) is not primary. Since (Γ0, θ0) and (Γ1, θ1) are isomorphic, there exists a bijection
η : Π0 → Π1 with ηθ0 = θ1η. Then η can be extended to a linear isomorphism from h∗0 onto h∗1
that maps Δ0 onto Δ1. Also η maps t∗0 isomorphically onto t∗1 where t∗i is regarded as a subspace
of h∗i . Let Wi be the Weyl group of Δi acting on h∗i . The map η also induces an isomorphism
from W0 onto W1 that maps w ∈ W0 to ηwη−1 ∈ W1. This isomorphism maps the subgroup
(W0)θ0 of W0 isomorphically onto (W1)θ1 . The linear isomorphism η : h∗0 → h∗1 induces an iso-
morphism from S(h∗0) onto S(h∗1), which is denoted by η1. Then η1 restricts to an isomorphism
from S(h∗0)W0 onto S(h∗1)W1 and an isomorphism from S(t∗0) onto S(t∗1). Let ri : S(h∗i )Wi → S(t∗i )
be the restriction map for i = 0,1. Then obviously η1r0 = r1η1, so η1 : S(t∗) → S(t∗) induces0 1
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(W0)θ0 , the image of r1
is S(t∗1)
(W1)θ1 as expected. The proof is completed. 
Lemma 4.4. Let (g1, θ1) and (g2, θ2) be semisimple involutory Lie algebras and η : g1 → g2
be an isomorphism of (g1, θ1) and (g2, θ2). Let hi = ti ⊕ ai be a fundamental Cartan subalge-
bra of (gi , θi) with η(t1) = t2, η(a1) = a2 and η(h1) = h2. Let Wi , W(gi , ti ) and W(ki , ti ) be
respectively the Weyl groups of gi with respect to hi , the Weyl groups of gi with respect to ti
and the Weyl groups of ki with respect to ti . Then η induces an isomorphism of W1 and W2, an
isomorphism of W(g1, t1) and W(g2, t2) and an isomorphism of W(k1, t1) and W(k2, t2).
Proof. Let η∗ : h∗2 → h∗1 be the dual map of η. Then η∗(t∗2) = t∗1. One easily sees that the linear
isomorphism η∗ maps Δ(g2,h2) onto Δ(g1,h1) bijectively, maps Δ(g2, t2) onto Δ(g1, t1) bi-
jectively, and maps Δ(k2, t2) onto Δ(k1, t1) bijectively. The map W1 → W2,w 
→ (η∗)−1wη∗ is
an isomorphism of W1 and W2 induced by η. The isomorphism of W(g1, t1) and W(g2, t2), and
that of W(k1, t1) and W(k2, t2) can be defined similarly. 
Lemma 4.5. Let (g, θ) = (g1, θ1) ⊕ (g2, θ2) be a direct sum of semisimple involutory Lie alge-
bras. If the image of ϕ˜i is S(t∗i )Wθi for i = 1,2, then the image of ϕ˜ is S(t∗)Wθ .
Proof. Let hi = ti ⊕ai be fundamental Cartan subalgebras of (gi , θi) for i = 1,2 and h = h1 ⊕h2
be the fundamental Cartan subalgebra of (g, θ). Then h = t⊕ a with t = t1 ⊕ t2 and a = a1 ⊕ a2.
Let Wi be the Weyl group of gi with respect to hi . Then W = W1 × W2 is the Weyl group of g
with respect to h and clearly Wθ = (W1)θ1 × (W2)θ2 .
One has the isomorphism h∗ → h∗1 ⊕ h∗2, α 
→ (α|h1 ⊕ 0, α|0 ⊕ h2). Then S(h∗) ∼= S(h∗1 ⊕
h∗2) ∼= S(h∗1) ⊗ S(h∗2) and then S(h∗)W ∼= S(h∗1)W1 ⊗ S(h∗2)W2 . Similarly t∗ ∼= t∗1 ⊕ t∗2, S(t∗) ∼=
S(t∗1) ⊗ S(t∗2) and S(t∗)Wθ ∼= S(t∗1)(W1)θ1 ⊗ S(t∗2)(W2)θ2 . Under such isomorphisms, if the image
of ϕ˜i is S(t∗i )
Wθi then the image of ϕ˜ is S(t∗1)
(W1)θ1 ⊗ S(t∗2)(W2)θ2 ∼= S(t∗)Wθ . 
Theorem 4.6. Let (g, θ) be a semisimple involutory Lie algebra. Then the image of ϕ˜ is
S(t∗)Wθ = S(t∗)W(g,t).
Proof. First we deal with the case that (g, θ) is a reduced and irreducible semisimple involutory
Lie algebra.
In view of Propositions 2.1 and 4.3 one only needs to deal with the case that (g, θ) is isomor-
phic to (g1 ⊕ g1, θ1) with g1 a simple Lie algebra and θ1(X,Y ) = (Y,X) for (X,Y ) ∈ g1 ⊕ g1.
First assume that (g, θ) = (g1 ⊕g1, θ1) with g1 and θ1 as above. Let h1 be a Cartan subalgebra
of g1 and W1 the corresponding Weyl group acting on h∗1. Then h1 ⊕h1 is a Cartan subalgebra of
g1 ⊕ g1 and W = W1 ×W1 the corresponding Weyl group. Then t = diag(h1 ⊕ h1) is the Cartan
subalgebra of the symmetric subalgebra k = diag(g1 ⊕ g1) of g1 ⊕ g1. Let Wk be the Weyl group
of k with respect to t. Then Wk = diag(W1 × W1) = (W1 × W1)θ1 , which also equals the Weyl
group Wg of g with respect to t as now Δ(g, t) and Δ(k, t) have the same set of roots.
Note that (h1 ⊕ h1)∗ → h∗1 ⊕ h∗1, α 
→ (α|h1 ⊕ 0, α|0 ⊕ h1) is an isomorphism. Then S((h1 ⊕
h1)∗) ∼= S(h∗1 ⊕ h∗1) ∼= S(h∗1) ⊗ S(h∗1) and under these isomorphisms S((h1 ⊕ h1)∗)W1×W1 ∼=
S(h∗1)W1 ⊗ S(h∗1)W1 . Denote the last isomorphism by υ : S((h1 ⊕ h1)∗)W1×W1 → S(h∗1)W1 ⊗
S(h∗)W1 .1
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→ (H,H) induces an isomorphism τ ∗ : t∗ → h∗1,
which extends to an isomorphism τ˜ : S(t∗) → S(h∗1). The map τ ∗ also induces an isomorphism
from Wk to W1. Then τ˜ restricts to an isomorphism τ˜ : S(t∗)Wk → S(h∗1)W1 .
Under the isomorphisms υ and τ˜ , ϕ˜ becomes ϕ̂ : S(h∗1)W1 ⊗ S(h∗1)W1 → S(h∗1)W1 , f ⊗ g 
→
fg, where elements of S(h∗1) are regarded as polynomials on h1. Then ϕ̂ is obviously surjective
because for any f ∈ S(h∗1)W1 , ϕ̂(f ⊗ 1) = f . Then ϕ˜ is surjective and its image is S(t∗)W(k,t) =
S(t∗)W(g,t) = S(t∗)Wθ since now W(k, t) = W(g, t) ∼= Wθ .
By Lemma 4.4, in the case that (g, θ) is isomorphic to (g1 ⊕ g1, θ1), one also has that
W(k, t) = W(g, t). So now ϕ˜ is also surjective and has image S(t∗)W(k,t) = S(t∗)W(g,t) =
S(t∗)Wθ .
Now we deal with the general case. Let (g, θ) = (b, I )⊕(g′, θ ′) be the decomposition of (g, θ)
into a trivial semisimple involutory Lie algebra (b, I ) and a reduced semisimple involutory Lie
algebra (g′, θ ′). Let (g′, θ ′) =⊕ni=1(gi , θi) be the decomposition of (g′, θ ′) into reduced and
irreducible semisimple involutory Lie algebras. Recall (4.2) that S(t∗)Wθ = S(t∗)W(g,t). Then by
Lemmas 4.1 and 4.5, the image of ϕ˜ is S(t∗)Wθ = S(t∗)W(g,t). 
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